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Abstract. A projective algebraic surface which is homeomorphic to 
a ruled surface over a curve of genus g > 1 is itself a ruled surface over 
a curve of genus g. In this note, we prove the analogous result for pro- 
jective algebraic manifolds of dimension 4 in case g > 2. 

1. Introduction 

In the classification theory of projective algebraic manifolds, a very at- 
tractive problem is the determination of all possible projective algebraic 
structures on a given closed topological manifold. Among the classical re- 
sults are the unicity of such structures on CP„, by Hirzebruch and Kodaira 
[^P for odd n and Yau [|15]] in general, and odd dimensional quadrics by 
Brieskorn []3j]. Now, a class where one can hope to describe all projective 
algebraic structures are projective bundles over curves. E.g., one knows that 
a surface which is homeomorphic to a ruled surface over a curve of genus 
g > 1 is itself a ruled surface over a curve of the same genus g ([Q], (7.2), 
p. 202). As far as the topological 4-manifolds underlying rational surfaces 
are concerned, it is to the author's knowledge still an open problem whether 
they might support surfaces of general type. 

In dimension three, Campana and Peternell [|5J] have shown that a pro- 
jective algebraic manifold X which is homeomorphic to P 1 x P 2 is iso- 
morphic either to a manifold of the form P(^ p © & v (a) © &^ (b)) where 

±(a + b) = Omod 3 or to a manifold of the form F(E) where E is a rank 
two vector bundle over P 2 the Chern classes of which satisfy c x {E) 2 — 
Ac 2 {E) = 0. Freitag proves in [0] that a manifold which is homeomorphic 
to P(^® 2 © (1)), the blow up of P 3 in a line, is actually of the form 
P(^P ©V p (a) ©^ p (b)) with ±(a + b) = lmod 3. 
In this note, we will derive the following result. 

Theorem 1.1. Let C be a smooth projective curve of genus g > 2 and E 
a vector bundle of rank 4 and degree k over C. Suppose X is a projective 
algebraic manifold which is homeomorphic to W(E). Then, X is of the form 

t The paper is to appear in the Annali di Matematica Pura ed Applicata. 
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F(E') where E' is vector bundle of rank 4 over a smooth projective curve C' 
with g(C) = g and elegit' = ±fcmod 4. 

Our strategy is quite similar to the one used in First, we observe 
%{& x ) — X(0f>(E)) = 1 — 8- The Miyaoka-Yau inequality thus implies that 
K x can't be nef. Therefore, an elementary Mori contraction takes place. 
The possible contractions are either those occuring in Ando's theorem (see 
Theorem below) or are contractions onto a curve. The former contrac- 



tions can be ruled out by topological arguments while in the latter case a 
basic result from adjunction theory shows that the contraction exhibits X as 
a projective bundle over the given curve. 

A similar reasoning can be applied to describe those projective algebraic 
structures on P 3 -bundles over ¥ l which are not of general type. 

Theorem 1.2. Suppose X is a projective algebraic manifold which is home- 
omorphic to P(^p 3 © 6^ (k)). Then, there are the following possibilities: 

i) X is of general type. 

ii) X is isomorphic to a manifold of the form P(^ p © & v (a) © (b) © 
tff p (c) ) with a + b + c = ±£mod 4. 

iii) k = 0, andX is isomorphic to a manifold of the form ¥(E) where E is 
a vector bundle of rank two over P 3 the Chern classes of which satisfy 
4c 2 (£)-c 1 (£) 2 = 0. 



Remark 1.3. In iii) we can normalize E, so that c x (E) = c 2 (E) = 0. Note 
that there are exactly two different topological C vector bundles of rank 2 
on P 3 with trivial Chern classes, both of which carry holomorphic structures 
[01. Call those two bundles E and E'. Then, P(£) and F(E') are different 
as topological Pj -bundles. It would be interesting to see that they can't 
be abstractly homeomorphic. This is not so easy to decide, because their 
standard topological invariants (cohomology ring and characteristic classes) 
are equal. 

One would expect the analog of Theorem [TTTJ to hold also in the case 
g = 1 . Unfortunately, I have not been able to establish it in that case. Let 
me point out that, already for surfaces, the genus one case is harder (see [0]). 
In that case, an analysis of the Albanese map together with some specific 
knowledge of fibrations of surfaces over curves is used. One might try the 
same approach also in our situation, but it seems to me that the available 
information might not be sufficient to arrive at the conclusion. Only if we 
assume that K x be not nef, the result becomes easy. 

Proposition 1.4. Let C be a smooth projective curve of genus g = 1 and E 
a vector bundle of rank 4 and degree k over C. Suppose X is a projective 



TOPOLOGICAL RIGIDITY OF ALGEBRAIC P 3 -BUNDLES OVER CURVES 1 



3 



algebraic manifold which is homeomorphic to ¥(E) and for which K x is not 
nef Then, X is of the form ¥(E') where E' is vector bundle of rank 4 over a 
smooth projective curve C' of genus one and degE' = ±fcmod 4. 

2. Preliminaries 

P 3 -bundles over curves. We recall some basic facts about P 3 -bundles over 
curves and adapt some observations from [Q] to our setting. 

Let C be a smooth projective curve over C and E a vector bundle of rank 
4 and degree k. Let % : ¥(E) — > C be the projective bundle of lines in E. 
The Chern classes of E are computed with the help of the exact sequence 

> * m > > T m > 7t*T c > 0. 

Set s E := c 1 (^'p, £ ,s(l)), and let f E be the cohomology class of a fibre of %. 
Then, 

c x {E) = 4-s E +(k + 2-2g(C))-f E 
c 2 (E) = 6- S 2 E +(3k + S-Sg(C))-s E f E . 

Lemma 2.1. Let Cj and C 2 be two smooth projective curves and E 1 and E 2 
two vector bundles of rank 4 and degree k x and k 2 over C x and C 2 , respec- 
tively. Then, the cohomology rings of¥(E ] ) and P(£ , 2 ) are isomorphic if 
and only if g{C^) = g(C 2 ) andk l = ±k 2 mod A. 

Proof. First of all, b l (P(£ f ) ) = b x {C t ) = 2g(C i ) , i = 1 , 2. Second, the classes 
a ■ f E , a E Z \ {0}, are the only non trivial classes in H 2 (P(£' f ),Z) with 
square zero, i = 1,2. Thus, an isomorphism between H*(F(E ] ),Z) and 
H*(F(E 2 ), Z) comes from an assignment 

for some I E Z. From this, one easily infers the claim. □ □ 



Proposition 2.2. In the situation of Lemma \2.1[ the following holds true: 

i) P(£' 1 ) and f(E 2 ) are orientation preservingly dijfeomorphic, if and 
only if giC^ = g(C 2 ) and k l = k 2 mod 4. 

ii) f(E 1 ) and F(E 2 ) are diffeomorphic, if and only if g{C^) = g(C 2 ) and 



k x = ±k 2 mod 4. 



Proof, i) follows immediately from the classification of topological PGL 3 (C) - 
bundles and the computations in the proof of Lemma [2TT| . 

ii) The necessity of the condition follows from Lemma For its suf- 
ficiency, by i), it is enough to exhibit for every vector bundle E on a curve 
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C a projective bundle P which is orientation reversingly diffeomorphic to 
F(E). To do so, let E be given w.r.t. to some covering {£/ ( } (=1 t of C by 

the transition functions T f . : Lf- R f/- — > GL 4 (C), 1 < i < j < t. Let E be 
the differentiable C vector bundle defined by the complex conjugate transi- 
tion functions T ; -, 1 < i < j <t. Then, the maps U i x P 3 — > U i x P 3 , 

(x, [z : • • • : z 4 ]) i — > (jc, [z : • • • : z 4 ]), / = 1, ...,t, glue to an orientation 
reversing diffeomorphism /: F(E) — > F(E). □ 

Finally, we note 

Lemma 2.3. Let E be a rank 4 vector bundle over the smooth projective 
curve C. Then, F(E) possesses an orientation preserving self-diffeomorphism 
which maps s E to —s E and f E to —f E - 

Proof. We may assume that C has a real structure with an M-rational point 
c G C and that E = ff® 3 ®0 c (k- c ) . Therefore, F(E) inherits a real struc- 
ture, and complex conjugation on F(E) has the desired property. □ 

The theorem of Ando. This theorem from [|]j characterizes those elemen- 
tary Mori contractions possessing one dimensional fibres. 

Theorem 2.4. Let p : X — > X' be an elementary Mori contraction from a 
smooth variety X of dimension n. Let F = p~ l (z) be a one dimensional 
fibre. 

i) Ifp is birational, then F is isomorphic to Pj and — K x . [F] = 1. In this 
case, X' is smooth, and p is the blow up along a smooth subvariety of 
codimension 2. 

ii) If p is not birational, then X' is smooth of dimension n — 1, and p 
is a flat conic bundle. In particular, any smooth curve F which is 
contracted by p is isomorphic to F v and — K X .[F] G {1,2}. Here, 
—K X .[F] = 1 happens if and only ifF is contained in a singular fibre, 
i.e., either a reducible fibre or a fibre of multiplicity two. 

A result from adjunction theory. The following theorem gives a handy 
criterion for a manifold to be a projective bundle over a curve. 

Theorem 2.5. LetX be a projective algebraic manifold of dimension n>3 
and L an ample line bundle on X. Suppose b 2 (X) > 2. IfK x + (n—l)-Lis 
not nef, then X is a projective bundle over a smooth curve C and L = & x ( 1 ). 



Proof. See Theorem (11.7), p. 96. 



□ 
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A characterization of P 3 . The result below is taken from the paper [|TT|]. 

Theorem 2.6. Let X be a projective algebraic manifold of dimension 3. 
Assume that the cohomology ring ofX is isomorphic to the one o/P 3 . Then, 
X is isomorphic to P 3 as algebraic manifold. 

3. Proof of Theorem |0] 

By Proposition ^2] ii), we may assume that we have an orientation pre- 
serving homeomorphism h : X — ► F(E). Let s and / be the images of s E 
and f E under the isomorphism h* : H 2 (F(E),Z) — ► H 2 (X,Z). The Betti 
numbers of X are 

b Q (X)=b s (X) = l, b 2i (X) = 2, i=l,2,3, b l (X)=b 7 (X) = 2g, 

b 3 (X)=b 5 (X)=4g. 

Thus, h l (& x ) = g, h 2 (@ x ) = h A (G x ) = 0, in particular, s and / belong to 
H 1 ' 1 ^). SinceH 3 (X,Z)=H l (X,Z)-s®H l (X,Z)-f, we find h 2 >\tf x ) = 
h 1 ' 2 (0 x )=2g, i.e., h 3 (0 x ) = 0. We conclude 

Let c-, i= 1,2, 3,4, be the Chern classes of X and p 1 =c 2 — 2c 2 and p 2 = 
c\ — 2cjC 3 + 2c 4 its Pontrjagin classes. By Riemann-Roch, we have 

X{0 X ) = -72o( c i-4c?c 2 -3ci-c lC3 +c 4 ) 

W 2 1 15 2 
= -720 ^ 1 + 2 P2 -y C2 

Since the Pontrjagin numbers are invariants of the oriented homeomorphy 
type [JT3p, we infer 

(1) c 2 = c 2 (P(£)) 2 = 96(1 -g) 

and 

(2) 

Ac 2 c 2 -c\ = 4c 1 (P( J E)) 2 c 2 (P( J B))-c 1 (P( J E)) 4 = 384(l-g). 
This has two important consequences: 
Corollary 3.1. The canonical bundle K x ofX cannot be nef. 



Proof. If K x were nef, then the Miyaoka-Yau inequality 0121 ] would yield 
3c 2 c 2 — c\ > 0. Thus, also Ac\ c 2 — c\ > 0. But we have seen in @ that this 
quantity is negative. □ 

Now, let Cj = a- s + b- f. By Lemma we may assume a > 0. 
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Corollary 3.2. We have a > 4 and 4b — ak < 0. 

Proof. By the topological invariance of the Pontrjagin classes tfT3|], p x = 
A-s + 2k-f, Thus, 

c 2 = -(a 2 -4) -s 2 + -.y/ 

and 

,5 = a (* 2 -4)(ft-^) t 96(1-,). 
Observe that a must be an even number, so the claim follows. □ 

Since K x is not nef, there exists an elementary Mori contraction p : X — ► 
X'. 

Lemma 3.3. If dimX 1 > 2, then p doesn't contract any surface. 

Proof. Let L be an ample line bundle on X' and c x {p*L) = a ■ s + j8 •/. 
Assume F is an irreducible surface with p(F) = {pt}. Write [F] = y- s 2 + 
8-sf. We find 

= (a-s + p-f).(y-s 2 + 8-sf) = ay-s 3 + (a8+py)-s 2 f. 

Thus, ay = 0. Since we assume dimX' > 2, a ^0, whence y = and 
8 = 0, a contradiction. □ 

We show first that p cannot be birational. If p were birational, then, by 
Lemma |33] and Ando's theorem, p would be the blow up of a smooth 4- 
manifold X' in a smooth surface. Let L be an ample line bundle on X' . De- 
note by E the exceptional divisor of p. With A := a • 5 + j8 ■ / := ±Cj (p"X) 
and e := 7-5 + 5 •/ := ±[E], we find a basis for H 2 (X,Z), such that 

(3) aS-/3y=l 
and 

= A 3 .e = (a-s+p-f) 3 .(y-s+8-f) = a 2 (-ayk+aS+3py). 
Again a ^ 0, so that 

(4) -ayk + a8+3py = 0. 
From (|3|) and (|]), one infers 

y(-ak + 4p) = -1 and -a(yfc-45) = 3. 

Hence, 7= ±1 and a G {±1,±3}. Without loss of generality, we may 
assume 7=1. Then, /3 = (ak — l)/4. Observe that for even k, we have 
w 2 (X) = 0, i.e., Cj(Z) is divisible by two. Therefore, no curve F with 
Cjp^.i 7 = 1 can exist. Since we can clearly assume k E {0, 1,2,3}, we 
only have to deal with the cases k = 1 and k = 3. For k = 1, the possible 
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solutions are (ce,j3) = (—3,-1) and (a,/3) = (1,0). In the latter case, L 4 = 
X 4 = s 4 = — 1 which is impossible. In the former case, we find £ = s. 
Therefore, for some / > 0, 

c x (Z) = (3/±1)-j + /-/. 



Since (4/ — 3/ =F 1) > 0, this contradicts Corollary [C 

For k = 3, (05,j3) = (—1,-1) and (a,j8) = (3,2) are the possible solu- 
tions. The second solution is excluded as L 4 = A 4 = —27. In the first case, 
£ = 5, so that, for some I > 3, 

Cl (Z) = (/±l).j + /./. 

This is again not an option. 

Assume now dimX' = 3. Then, X' is smooth, and p is a conic bundle. 
Let L be an ample line bundle on X' and a ■ s + /3 • / : = c 1 (p*L) . Then, 

= (a-s + p-f) 4 = a 3 (-ak + 4j5) 

and a/0. Let F = P 1 be a smooth curve which is contracted by p. One 
easily computes that the class [F] is a multiple of s 3 + (3/4)k- s 2 f. There- 
fore, the composite map 

Pj = F ^X —> F(E) — > C 

has non zero degree, an absurdity (cf. [0], Cor. (1.2), p. 11). 

We finally arrive at the case where X' = C' is a smooth projective curve. 
Then, for any point c G C, p*(& c (c)) = a •/, for some a E Z\ {0}. Since 
— K x is p-ample, we see 

< (a-s + b-f) 3 .(a-f) = a 3 a, 
i.e., a > 0. For / > 0, the line bundle 

L := s + Z-/ = I Cl (X)+ (/--)•/ 

a \ a J 

is ample. The bundle K x +aL= (al — b) • f is nef , but // : = ^ + (a — 1 )L = 
— s+ ((a — 1)Z — b) - /isn't, because 

# 3 ./ = -s 3 f = -1 < 0. 

Thus, since a > 4, by Corollary |3~2"| , we must actually have a = 4, and we 
can conclude by Theorem [23|. □ 
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4. Proof of Theorem [L2 
We may assume k E {0, 1,2, 3 }. Let c x (X) = a- s + b ■ f with a > 0. 
Lemma 4.1. Either a = 4 and b = 2+kork = 3 and a = 6 and b = 5. 

Proof. As before, we find 

a{a 2 -A)[b- < ^j = 96. 

Now, a = 2a is an even number. If k is even, b' :=b — (ak/4) is an integer, 
and we have a(a 2 — l)b' = 12 which forces a = 2, whence a = 4 and 
b = 2 + k as desired. If k is odd, then b' :=2b— (ak/2) is an integer, and 
a(a 2 — l)b' = 24 can be solved by a = 2, leading to a = 4 and I? = 2 + & 
as before, or by a = 3, leading to a = 6 and & = (1/2) + (3k/2). For fc = 1, 
this gives c l (X) = 6 ■ s + 2 ■ f, i.e., w 2 {X) = 0, a contradiction. 

□ 

Since 

(4-s + (2 + k)-f) 4 = 512 > and 
(6-S + 5-/) 4 = 432 > 0, 

X is either of general type, or K x cannot be nef. We assume the latter case. 
Thus, we have again an elementary Mori contraction p : X — > X', and 



we use the same notation as before. Note that Lemma |33] and most of 
the computations afterwards still apply. Assume first that p is birational. 
Then, k = 1 or k = 3, because otherwise w 2 (X) = 0. For k = 1, we have, 
by Lemma |Q| , c l (X) = 4 • s + 3 ■ /. Let L be an ample line bundle on X' . 
We have already seen that p*(cj(L)) is a multiple of 3 ■ s + f. Let F be a 
fibre by p. For this curve, (3 -s + f).[F] = and (4-5 + 3-/). [F] = 1, by 
Theorem |2~^) . But one verifies that this is impossible. 

Now, suppose k = 3 and let a be the class with p*a =s+f. Since ^ = 
p*{K x ,) +E ([§, Ex. 15.4.3), we find [K x ,] = -5o. If X is not of general 
type, then the same holds for X'. It follows that X' = P 4 and o = c 1 ( ^ p ( 1 ) ) 

Theorem (1 1.2), p. 93). Next, with [S] the class of the surface in which 
X is blown up, 

c 2 (X) i ] '<L 5A3) p*(c 2 (X') + [S])-p* Cl (X').E 

\0(s + f) 2 ±(5s + 5f).s + p*[S}. 

Here, we have the "+"-sign for c l (X) = 4 • s + 5 ■ / and the "—"-sign for 
Cj(X) = 6 - s + 5 ■ f. It follows in both cases that [S] = o 2 , i.e., X is the 
blow-up of P 4 in a linearly embedded P 2 . The pencil of hyperplanes passing 
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through that P 2 induces on X the structure of a projective bundle over P 1? 
and we are done in this case. 

Now, we turn to the case where X is a conic bundle over a smooth 3- 
manifold. We first look at the case c l (X) = 4 • s + (2 + k) ■ f and claim that 
k = 0, i.e, X is homeomorphic to Pj xP 3 . As usual, L is an ample generator 
for H 2 {X\ Z) and a ■ s + /3 • / := c x (p*L). As before, we compute that, for 
a smooth curve F which is contracted by p, [F] = l(s 3 + (3/4)k- s 2 f) for 
some / G Z. We choose F with = 2. As 

l(4- S +(2 + k)-f).(s 3 + ^k- S 2 f^j = 21, 

1 must be equal to 1 . But s 3 + (3 / 4)k ■ s 2 f is an integral class if and only if 
k = 0. In this case, all fibres must be smooth, i.e., X is a projective bundle 
over X', because H 2 (X', 0*,) = H 3 (X',Z) = 0. Since p* : H*(X',Z) — ► 
H*(X,7i) is injective, it follows readily that 

H*(X',Z) = Z[s]/(s 4 ). 
By Theorem [16], X' = P 3 . We see that X = P(£) where £ is a vector bundle 



of rank 2 over P 3 . It is an easy exercise to check that 4c 2 {E) — c x (E) 2 = 0. 

Now, we assume c x (X) = 6 • s + 5 ■ f and k = 3. The same argument 
as before shows that the class [F] of a smooth curve contracted by p is a 
multiple of s 3 + (9/4) • s 2 f. As 

(6-5 + 5-/). (* 3 + ^ 2 /) = ^ 

we conclude again that p : X — ► X' is a projective bundle, and that the co- 
homology class of a fibre is given by 4 ■ s 2 + 9 ■ 5 2 /. Observe that %(& x ,) = 
1. This implies that X' is a Fano manifold. We obviously have PicX' = 
H 2 (X', Z) = Z and fc 3 (X') = 0. Let L be an ample generator of PicX'. We 
know already that c l (p*L) is a multiple of s+ (3/4) •/. Since c^p*L) 
forms part of a Z-basis for H 2 (X, Z), this class must equal to 4 • s + 3 •/. In 
particular, 

Cl (p*L) 3 = 64-5 3 + 144-5 2 /- 
Comparing this with the formula for the class [F] of a fibre, we find L 3 = 16. 



The classification of Fano 3-manifolds QT0| ] shows that no Fano 3-manifold 
of degree 16 with b 3 = exists, so that this case cannot occur. 

The remaining case of a contraction onto a curve, this time P 1? is handled 
as before. □ 



5. Proof of Proposition [L4| 
With the same methods as before, one first establishes 
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Lemma 5.1. For c x (X) = a ■ s + b ■ f, one has either a = or a > 4 and 
b = ak/4. 

From the Betti numbers of X, we read off that h l >°(X) = 1, i.e., the Al- 
banese torus of X is an elliptic curve. Since the image of the Albanese map 
generates the Albanese torus as a group, the Albanese map Alb: X — ► 
Alb(X) is surjective. Let h : X — > A be the Stein factorization of Alb with 
A a smooth connected curve. Since K x is not nef, there are smooth rational 
curves F with K X .[F] < 0. These must be contracted by h, because they 
are contracted by Alb. As we have observed before, the integer multiples 
of / are the only classes with square zero. This implies that the classes of 
the fibres of h are multiples of / and that the class of any curve which is 
contracted by h is a multiple of s 2 .f. In particular, [F] = c ■ s 2 .f for some 
c e Z \ {0}. We conclude that, in Lemma |5TT| , we must have a > 4 and that 
— K x is /i-ample. From here on, we may proceed as before. □ 
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